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SEMICONJUGACIES, PINCHED CANTOR BOUQUETS AND
HYPERBOLIC ORBIFOLDS
HELENA MIHALJEVI-BRANDT
Abstrat. Let f : C → C be a transendental entire map that is subhyperboli, i.e.,
the intersetion of the Fatou set F(f) and the postsingular set P (f) is ompat and the
intersetion of the Julia set J (f) and P (f) is nite. Assume that no asymptoti value of
f belongs to J (f) and that the loal degree of f at all points in J (f) is bounded by some
nite onstant. We prove that there is a hyperboli map g ∈ {z 7→ f(λz) : λ ∈ C} with
onneted Fatou set suh that f and g are semionjugate on their Julia sets. Furthermore,
we show that this semionjugay is a onjugay when restrited to the esaping set I(g)
of g. In the ase where f an be written as a nite omposition of maps of nite order,
our theorem, together with reent results on Julia sets of hyperboli maps, implies that
J (f) is a pinhed Cantor bouquet, onsisting of dynami rays and their endpoints. Our
result also seems to give the rst omplete desription of topologial dynamis of an entire
transendental map whose Julia set is the whole omplex plane.
1. Introdution
It is well-known that the Julia set J (f) of a transendental entire funtion f an be the
whole omplex plane. (Basi denitions and notations are reviewed in Setion 2.) As far
as we know, there is no funtion with this property for whih the topologial dynamis has
been ompletely understood. The results in this paper provide suh a desription for a wide
lass of examples, inluding maps suh as z 7→ π sinh z. (A desription of the ombinatorial
dynamis of the latter map was previously given by Shleiher in [22℄.)
In partiular, we give an answer to the question of Bergweiler (personal ommuniation)
whether the esaping set
I(f) := {z ∈ C : fn(z)→∞ as n→∞}
of a osine map Fa,b(z) := a e
z +b e−z with stritly preperiodi ritial values is onneted:
this is not the ase; see Corollary 1.4 below. (On the other hand, there are entire maps
whose Julia set equals C but for whih the esaping set is onneted; see [18, 17℄.)
In fat, our results are onsiderably more general. A transendental entire map f is
alled subhyperboli if the intersetion of the Fatou set F(f) and the postsingular set P (f)
is ompat and the intersetion of the Julia set J (f) and P (f) is nite. A subhyperboli
map is alled hyperboli if J (f) ∩ P (f) = ∅. We are interested in the following lass of
subhyperboli funtions whih inludes all hyperboli maps.
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Denition 1.1 (strongly subhyperboli maps). A subhyperboli transendental entire map
f is alled strongly subhyperboli if J (f) ontains no asymptoti values of f and the loal
degree of f at the points in J (f) is bounded by some nite onstant.
Note that the map z 7→ π sinh z mentioned previously is strongly subhyperboli, sine
P (f) = P (f) ∩ J (f) = {±πi, 0} is nite, all ritial points are simple and there are no
asymptoti values. Our main theorem desribes the Julia set of any strongly subhyperboli
entire funtion as a quotient of the Julia set of a (partiularly simple) hyperboli funtion
in the same parameter spae.
Theorem 1.2. Let f be strongly subhyperboli, and let λ ∈ C be suh that g(z) := f(λz) is
hyperboli with onneted Fatou set. Then there exists a ontinuous surjetion φ : J (g)→
J (f), suh that
f(φ(z)) = φ(g(z))
for all z ∈ J (g). Moreover, φ restrits to a homeomorphism between the esaping sets I(g)
and I(f).
Remark. The hypothesis will be automatially satised whenever λ is suiently small.
Also, any two maps g and g′ as in the theorem are quasionformally onjugate on a neigh-
bourhood of their Julia sets [16℄, so it is suient to prove the theorem for any suh
map.
As in [16℄, we say that a hyperboli funtion g with onneted Fatou set is of disjoint type.
For simple families, suh as z 7→ λ sinh z, the dynamis of disjoint type funtions is well-
understood. Hene Theorem 1.2 extends this understanding to all strongly subhyperboli
funtions in these families. (In Appendix A, we present a detailed desription of the
topologial dynamis of z 7→ π sinh.)
More generally, suppose that g is of disjoint type and has nite order, i.e., log log |g(z)| =
O(log |z|) as z → ∞, or, more generally, an be written as a nite omposition of nite-
order maps with bounded singular sets. Then it is known that J (g) is a Cantor bouquet,
i.e., homeomorphi to a straight brush in the sense of [1℄.
Corollary 1.3. Let f = f1 ◦ · · · ◦ fn be a strongly subhyperboli map, where every fi is
an entire map with bounded set of singular values and with nite order of growth. Then
J (f) is a pinhed Cantor bouquet; that is, the quotient of a Cantor Bouquet by a losed
equivalene relation dened on its endpoints.
The esaping set of a disjoint type entire funtion is always disonneted, so we also have
the following orollary, settling Bergweiler's question for all strongly subhyperboli maps.
Corollary 1.4. The esaping set of a strongly subhyperboli transendental entire funtion
is disonneted.
Let us omment on the assumption of strong subhyperboliity. Theorem 1.2 is not
true for all subhyperboli maps: it is known that E1 : z 7→ 1e2 ez (disjoint type) and
E2 : z 7→ 2πiez (subhyperboli) are not topologially onjugate on their esaping sets
SEMICONJUGACIES AND PINCHED CANTOR BOUQUETS 3
[15, Proposition 2.1℄. (In fat, for exponential maps the esaping set onsists of urves to
innity, alled dynami rays [21℄. For E1, all these rays have a landing point in C, while
for E2 there are unountably many dynami rays, eah of whih aumulates everywhere
upon itself.) Rempe asked whether two osine maps with stritly preperiodi ritial values
an be onjugate on their esaping sets [15, Question 12.1℄. Theorem 1.2 together with the
mentioned result in [16℄ on disjoint type maps gives an armative answer to this question.
For osine maps Fa,b(z) = a e
z +b e−z that are subhyperboli, Theorem 1.2 implies that
every point in the Julia set is either on a dynami ray or the landing point of a dynami ray.
This has already been shown by Shleiher [22℄ when both ritial values of Fa,b are assumed
to be preperiodi. Nonetheless, his results do not explain the topologial embedding of the
esaping set of suh a map in the omplex plane. Furthermore, Theorem 1.2 formulated
for subhyperboli osine maps an be proved in a onise and fairly elementary way, whih
is why we have inluded the modiations of our proof for this speial ase in Setion 4.4.
For hyperboli maps, Theorem 1.2 is due to Rempe, and our proof is in the spirit of the
ideas presented in [16℄. However, the attempt to transfer the onstrution in the hyperboli
ase to the setting of strongly subhyperboli maps fails due to the existene of singular
values in the Julia sets. This obstrution is overome by studying Julia sets as subsets of
hyperboli Riemann orbifolds. These an be thought of as images of the unit disk under
branhed overings, for whih the set of ritial values is disrete and tame. This yields
a desription of a Riemann orbifold as a Riemann surfae together with a disrete set of
ramied points, eah of whih has nite ramiation value. The use of orbifolds in dynamis
goes bak to Thurston and has been used with great suess by Douady and Hubbard in
their work on subhyperboli rational maps. The following result is not only ruial for the
proof of Theorem 1.2 but also interesting in its own right, sine it provides us with a global
estimate of the hyperboli metri on ertain hyperboli Riemann orbifolds.
Theorem 1.5. Let K > 1 and let zi be an innite sequene of points satisfying |zj | <
|zj+1| ≤ K|zj |. Let O be the orbifold with C as the underlying surfae and whose ramied
points are the points zi with ramiation value 2.
Then the density ρO of the hyperboli metri on O satises
ρO(z) ≥ O
(
1
|z|
)
as z →∞.
The orbifold for whih the set of ramied points is given by {2kπi : k ∈ Z} shows that
our estimate is best possible (see proof of Proposition 4.6).
Remark. If we replae the ramied points by puntures, i.e., if we onsider the hyperboli
domain U : C\{zj} instead of the orbifoldO, the same bound for the asymptoti behaviour
of the density map near ∞ an be obtained using standard estimates of the hyperboli
metri in the twie-puntured plane [16, Lemma 2.1℄.
It will beome lear in Setion 3 why strongly subhyperboli maps are exatly those maps
whih an be approahed with orbifold theory. This still leaves open the question what
an be said about topologial dynamis of maps that are subhyperboli but not strongly
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subhyperboli. We believe that if J (f) ontains an asymptoti value of f then, similar to
the ase of exponential maps, there is no onjugay between f and any (suitable) disjoint
type map g on their esaping sets; this is work in progress. However, we have no indiation
of what to expet for maps whose Julia sets ontain no asymptoti values but sequenes of
points with unbounded loal degree. It would be very interesting to explore this problem,
in partiular sine there are prominent examples of suh maps like Poinaré funtions
orresponding to ertain hyperboli polynomials; an elaboration of suh an example is
given in Appendix B.
Struture of the artile. In Setion 3 we develop the onept of orbifolds dynamially
assoiated to a strongly subhyperboli map f ; the main onsequene is that we obtain a hy-
perboli orbifold Of suh that f is expanding with respet to the orresponding hyperboli
metri. Later, in Setion 4, we prove that the expansion of f is atually uniform. The key
for this will be (the proof of) Theorem 1.5. Finally, Setion 5 addresses the onstrution
of the semionjugay itself.
Aknowledgements. My speial thanks go to my supervisor, Lasse Rempe for introdu-
ing me to the researh problem and for his ontinuous help and support. Furthermore, I
would like to thank Adam Epstein and Mary Rees for interesting and helpful disussions.
2. Preliminaries
If not stated dierently, we will assume throughout this artile that the onsidered maps
are transendental entire. We denote the omplex plane by C, the Riemann sphere by
Ĉ := C ∪ {∞}, and the puntured plane by C∗ := C \ {0}. We write D for the unit disk
and H for the upper half-plane. The Eulidean disk entred at c with radius r is denoted
by Dr(c). If not stated dierently, the boundary ∂A and the losure A of a set A ⊂ C
is always understood to be taken relative to the omplex plane. The Eulidean distane
between two sets A,B ⊂ C will be denoted by dist(A,B). For a sequene ni of natural
numbers we write lcm{ni} for their least ommon multiple.
2.1. Bakground on holomorphi dynamis. The Fatou set of a map f is the set of
all points in C that have a neighbourhood in whih the iterates {fn} form a normal family
in the sense of Montel. Its omplement J (f) := C \ F(f) is alled the Julia set of f .
Reall that the esaping set of f is given by
I(f) := {z ∈ C : fn(z)→∞ as n→∞}.
We say that a point z ∈ C is a periodi point of f if there exists an integer n ≥ 1 suh
that fn(z) = z. The smallest n with this property is alled the period of z. A periodi
point of period one is alled a xed point. We all a point z preperiodi under f if some
image fn(z), n ≥ 1, of z is periodi. Note that every periodi point is also preperiodi.
To avoid onfusion, we say that a point z is stritly preperiodi if it is preperiodi but
not periodi. Let z be a periodi point of f of period n. We all µ(z) := (fn)
′
(z) the
multiplier of z. A periodi point z is alled attrating if 0 ≤ |µ(z)| < 1, indierent if
|µ(z)| = 1 and repelling if |µ(z)| > 1. Sine the multiplier of an indierent periodi point
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is of the from e2piit with 0 ≤ t < 1, we an distinguish between rationally and irrationally
indierent points, aording to whether t is rational or not. The set of all points whose
orbits onverge to an attrating periodi yle is alled the attrating basin of this yle.
We denote the set of all ritial points of f by Crit(f), the set of all ritial values by
C(f) = f(Crit(f)) and the set of all (nite) asymptoti values by A(f). The set of singular
values of f , denoted by S(f), is the smallest losed set suh that f : C \ f−1(S(f)) →
C \S(f) is a overing map. It is well-known that S(f) := C(f) ∪A(f). Finally, we denote
the postsingular set of f by P (f) :=
⋃
n≥0 f
n(S(f)).
For more bakground on holomorphi dynamis we refer the reader to [12, 3℄.
2.2. Bakground on Riemann orbifolds. An orbifold is a spae whih is loally mod-
elled on the quotient of an open set in R
n
by the linear ation of a nite group. For a
general introdution see [24, § 13℄. Throughout this artile we will need only orbifolds
modelled on Riemann surfaes, and for a more detailed introdution to this topi see e.g.
[25, 10, 12℄.
Denition 2.1 (Riemann orbifold). A Riemann orbifold is a pair (S, ν), where S is a
Riemann surfae and ν : S → N≥1 is a map alled the ramiation map, suh that
{z ∈ S : ν(z) > 1}
is disrete. A point z ∈ S with ν(z) > 1 is alled a ramied or marked point. The
signature of an orbifold is the list of values that the ramiation map ν assumes at the
ramied points, where a value is repeated as often as it ours as ν(z) for some ramied
z ∈ S.
A traditional Riemann surfae an be regarded as a Riemann orbifold with ramiation
map ν ≡ 1. Throughout this artile, whenever we use the expression orbifold, we will
always mean a Riemann orbifold.
Reall that for a holomorphi map f : S˜ → S between Riemann surfaes, the loal degree
deg(f, z0) of f at a point z0 ∈ S˜ is the unique integer n = n(z0) ≥ 1, suh that
f(z) = f(z0) + an(z − z0)n + (higher terms)
and an 6= 0. Thus z0 is a ritial or branh point if and only if n(z0) > 1.
The map f is alled a branhed overing map if every point in S has a onneted neigh-
bourhood U suh that f maps any omponent of f−1(U) onto U as a proper map. Reall
that a map f : V˜ → V is alled proper if the preimage f−1(K) of any ompat set K ⊂ V
is a ompat subset of V˜ .
Denition 2.2 (Holomorphi map, overing). Let O˜ = (S˜, ν˜) and O = (S, ν) be Riemann
orbifolds. A holomorphi map f : O˜ → O is a holomorphi map f : S˜ → S between the
underlying Riemann surfaes suh that, for eah z ∈ S˜,
ν(f(z)) divides deg(f, z) · ν˜(z). (2.1)
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If f : S˜ → S is a branhed overing map with ν(f(z)) = deg(f, z) · ν˜(z) for all z ∈ S˜, then
f : O˜ → O is an orbifold overing map. If additionally the surfae S˜ is simply-onneted,
then we all O˜ a universal overing orbifold of O.
Remark. In the standard terminology, where an orbifold is dened via atlases and group
ations, the denition of a holomorphi map f between two orbifolds is equivalent to a
loal lifting property; if f is a overing then every suh loal lift an be hosen to be an
embedding. For more details, see [10, A2℄.
Note that if f : O˜ → O is a overing then this is not neessarily true for the map
f : S˜ → S between the underlying surfaes.
Reall that by the Uniformization Theorem for Riemann surfaes, every Riemann surfae
has a universal over that is onformally equivalent to either Ĉ, C or D. The following
theorem tells us that the same is true for almost all Riemann orbifolds.
Theorem 2.3 (Uniformization of Riemann orbifolds). [10, Theorem A2℄ Let O = (S, ν)
be a Riemann orbifold. Then O has no universal overing orbifold if and only if O is
isomorphi to Ĉ with signature (l) or (l, k), where l 6= k. In all other ases the universal
over is unique up to onformal isomorphism over the surfae S and hene given by either
Ĉ, C or D.
In analogy to Riemann surfaes, we will all an orbifoldO ellipti, paraboli or hyperboli
if it is overed by Ĉ,C or D, respetively.
Remark. Let O˜,O be orbifolds that have a universal over. Then a map f : O˜ → O is a
overing if and only if it lifts to a onformal isomorphism between the universal overing
spaes [12, Lemma E.2℄.
For a onneted orbifold O = (S, ν) the Euler harateristi χ(O) is given by the equa-
tion
χ(O) := χ(S)−
∑
z∈S
(
1− 1
ν(z)
)
,
where χ(S) denotes the Euler harateristi of the surfae S. Note that ramied point
ause a redution of χ(O). As for Riemann surfaes, a Riemann orbifold with negative
Euler harateristi is always hyperboli. This also implies that, roughly speaking, most
orbifolds are hyperboli. For the preise list of spherial and paraboli orbifolds, see the
details of [10, Theorem A2℄.
Let C be the uniformized universal overing surfae of O (i.e., C ∈ {Ĉ,C,D}) and
denote by ρC(z)|dz| its unique omplete onformal metri of onstant urvature 1, 0 or
−1, respetively. By pushing forward this metri by a universal overing map we obtain
a Riemannian metri on O that an be written as ρO(w)|dw| (in terms of a loal uni-
formizing parameter w), and ρO(w) is nonzero and smooth exept at the ramied points
of O. We all this metri the orbifold metri of O. Observe that at a ramied point, say
w0, with ramiation value m, the density has a singularity of the type |w − w0|(1−m)/m.
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More preisely, if we hoose a loal branhed overing near 0, e.g., z(w) = (w − w0)m,
then the indued metri ρ(z(w))|dz/dw| · |dw| is smooth and nonsingular throughout some
neighbourhood of 0 in the z-plane.
Note that ρO(w)|dw| is again a omplete metri with onstant urvature 1, 0 or −1,
respetively, everywhere exept at the marked points (whih are singularities of the urva-
ture).
In this artile we are mainly interested in hyperboli Riemann orbifolds. The well-known
Pik Theorem for hyperboli surfaes generalizes to hyperboli orbifolds as well and will
be of great use for us.
Theorem 2.4. [25, Proposition 17.4℄ A holomorphi map between two hyperboli orbifolds
an never inrease distanes as measured in the hyperboli orbifold metri. Distanes are
stritly dereased, unless the map is a overing map; in this ase it is a loal isometry.
In partiular, if O˜ and O are two orbifolds suh that O˜ →֒ O is holomorphi, then
ρ eO(z) ≥ ρO(z) for all z ∈ O˜.
2.3. Hyperboli and subhyperboli maps. Reall that our main result is the existene
of a semionjugay between a strongly subhyperboli and a disjoint type map on their Julia
sets. We will now reall the denitions and present briey the relevant dynamial properties
of those types of funtions.
Denition 2.5. A transendental entire funtion g is alled hyperboli if P (g) is a ompat
subset of F(g).
It follows from lassial results in holomorphi dynamis that the Fatou set of a hy-
perboli (transendental entire) map is non-empty and onsists of attrating basins that
orrespond to nitely many attrating yles.
A hyperboli rational map is lassially dened as a funtion whih expands a onformal
Riemannian metri dened on a neighbourhood of its Julia set. For entire transendental
maps one an give a similar desription: it is easy to derive from Denition 2.5 that if g
is hyperboli, then there exists a bounded neighbourhood D of P (g) suh that g(D) ⊂ D.
Note that by Montel's Theorem, gn|D is a normal family, hene C \D is a neighbourhood
of J (g). Furthermore, the map g : C \ g−1(D) → C \ D is then a overing map whih
uniformly expands the hyperboli metri on the domain C \D [16, Lemma 5.1℄.
Note that not every hyperboli rational map satises Denition 2.5: By [12, Theorem
19.1℄, a rational map is hyperboli if and only if PJ = ∅ or, equivalently, every ritial
point onverges to an attrating periodi orbit. In ertain ases (inluding all nononstant
polynomials), the point at ∞ an be suh an attrator as well.
Denition 2.6. A hyperboli transendental entire map g is said to be of disjoint type if
F(g) is onneted.
Sine every omponent of the Fatou set of a hyperboli transendental entire map is
simply-onneted [7, Proposition 3, Theorem 1℄, it follows that the Fatou set of a disjoint
type map is onneted and simply-onneted.
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Proposition 2.7. The following statements are equivalent:
(1) The map g is of disjoint type.
(2) g has a unique attrating xed point and P (g) is a ompat subset of its immediate
basin of attration.
(3) There exists a bounded Jordan domain D ⊃ S(g) suh that g(D) ⊂ D.
Proof. Let g be of disjoint type. In partiular, g is hyperboli. Hene P (g) is a ompat
subset of F(g). By denition, F(g) is onneted, hene P (g) is a ompat subset of
a ompletely invariant omponent of F(g), whih an only be the immediate attrating
basin of an attrating xed point of g, showing that (1) implies (2).
We will just give a sketh of (2) implies (3), for more details see e.g. proof of Proposition
3.7 in [11℄. Let z0 be the unique attrating xed point of g with immediate attrating basin
A∗(z0) ⊃ P (g). Note that P (g) must ontain z0. Furthermore, P (g) has positive distane
to ∂A∗(z0), hene there is a simply-onneted domain D0 ompatly ontained in A
∗(z0)
that ontains a neighbourhood of P (g). Let U be a linearising neighbourhood of z0 and let
n be the smallest integer suh that gn(D0) ⊂ U . Taking the union of U and the ompat
sets D0, g(D0), . . . , g
n−1(D0) we obtain a ompat onneted set K that is mapped into its
interior. K is not neessarily simply-onneted; by the Open Mapping Theorem, we an
ll the holes and obtain a full set K˜ that is mapped into its interior. Now we hoose D to
be a Jordan domain suh that g(K˜) ⊂ D ⊂ K˜.
To see that (3) implies (1), let us hoose a domain D ⊃ S(g) suh that g(D) ⊂ D.
By Montel's Theorem, D is ontained in a omponent of F(g), so, in partiular, g is
hyperboli and F(g) is the union of attrating basins. Sine every immediate attrating
basin ontains at least one singular value [3, Theorem 7℄, g has a unique attrating yle,
whih is a xed point ontained in D. Hene every point z ∈ F(g) is eventually mapped
into D, showing that F(g) = ⋃n≥0 g−n(D). On the other hand, g−(n+1)(D) ⊃ g−n(D) and
F(g) is onneted. 
Let g be a transendental entire map with bounded singular set S(g), let D ⊂ C be a
bounded Jordan domain ontaining S(g) and let U := C\D. Then g : g−1(U) → U is a
overing map and eah omponent T of g−1(U) is a simply onneted unbounded Jordan
domain; we all every suh domain T a trat of g. Note that if g is of disjoint type, then
by Proposition 2.3 we an hoose D suh that g−1(C\D) is disjoint from D. Using suh a
domain one an easily prove the following (well-known) property of the esaping set of a
disjoint type map.
Proposition 2.8. Let g be of a disjoint type. Then I(g) is disonneted.
Proof. Let D ⊃ S(f) be a Jordan domain suh that g−1(C\D) is disjoint from D and let
α ⊂ f−1(D) \ D be a simple urve that onnets ∂D to ∞. (Suh a urve always exists
sine the boundary of the open set f−1(D) \D in Ĉ is loally onneted.) The preimages
of α split every trat of g (w.r.t. D) in simply-onneted unbounded domains on whih g
restrits as a onformal isomorphism; we all every suh domain a fundamental domain.
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Sine g(D) ∪ g(α) ⊂ D, it follows that I(g) is ontained in the union of the fundamental
domains.
By [6, Theorem ℄, there exists a point w ∈ I(g). Hene every fundamental domain
must interset I(g) sine it ontains a preimage of w. Let F˜ be an arbitrary but xed
fundamental domain and let U denote the union of all fundamental domains other than F˜ .
Then U and F˜ are two disjoint nonempty open sets whose union overs I(g). Thus I(g) is
disonneted. 
Denition 2.9. A transendental entire funtion f is alled subhyperboli if
(i) PJ := P (f) ∩ J (f) is nite,
(ii) PF := P (f) ∩ F(f) is ompat.
It follows again from lassial results that if f is subhyperboli, then F(f) is either
empty or onsists of attrating basins, and by ondition (ii) there an be only nitely
many attrating yles.
By ondition (i), every singular value of f in J (f) is preperiodi and every ritial point
in J (f) is stritly preperiodi. It also follows that f has no Cremer points, i.e., irrationally
indierent periodi points that lie in the Julia set. This means that eah singular value in
J (f) eventually lands on some repelling orbit (for a proof of the above statements see e.g.
[11, Proposition 2.5℄).
A rational map is said to be subhyperboli if it is expanding with respet to an orbifold
metri. This haraterization is equivalent to saying that every ritial orbit is nite or
onverges to an attrating periodi orbit. Note that the postsingular set of a subhyperboli
rational funtion does not have to be bounded. However, for an arbitrary subhyperboli
transendental map it is not possible to dene an orbifold metri on a neighbourhood of
the Julia whih is expanded by the map. As we will see later, strongly subhyperboli
maps are exatly those maps for whih we an onstrut the required orbifold metri. For
ompleteness of this setion, let us reall the denition of a strongly subhyperboli map.
Denition 2.10. A subhyperboli transendental entire map f is alled strongly subhy-
perboli, if J (f)∩A(f) = ∅ and there is a onstant R <∞ suh that deg(f, z) < R holds
for all z ∈ J (f).
3. Subhyperboli maps and dynamially assoiated orbifolds
Let f be a strongly subhyperboli map. The rst step towards the proof of Theorem 1.2
is to nd hyperboli orbifolds
Of = (Sf , νf) and O˜f = (S˜f , ν˜f )
suh that f : O˜f → Of is expanding with respet to the hyperboli metri on Of . We will
make use of the following simple observation.
Proposition 3.1. Let O = (S, ν) and O˜ = (S˜, ν˜) be hyperboli orbifolds with metris
ρO(z)|dz| and ρ eO(z)|dz|, respetively. Let f : O˜ → O be a overing map and assume that
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the inlusion O˜ →֒ O is holomorphi but not a overing. Then
‖Df(z)‖O := |f ′(z)| · ρO(f(z))
ρO(z)
> 1,
wherever this is dened.
Proof. By Theorem 2.4 f is a loal isometry, hene
ρ eO(z) = ρO(f(z)) · |f
′
(z)|.
Sine the inlusion is only holomorphi, it is a strit ontration, and hene ρ eO(z) > ρO(z).
So altogether,
ρ eO(z) = ρO(f(z)) · |f
′
(z)| > ρO(z),
implying that ‖Df(z)‖O > 1. 
3.1. Constrution of Of and O˜f for a strongly subhyperboli map f . In order
to nd hyperboli orbifolds Of and O˜f suh that the assumptions of Proposition 3.1 are
satised, we will roughly follow the approah of Douady and Hubbard for subhyperboli
rational maps [4℄. We need to be able to ompute suiently good estimates of the orbifold
metris on Of and O˜f . Our requirements are formalized in the following proposition.
Denition and Proposition 3.2 (Dynamially assoiated orbifolds). Let f be a strongly
subhyperboli funtion. Then there exist orbifolds Of = (Sf , νf) and O˜f = (S˜f , ν˜f) with
the following properties:
(a) The set Bf of ramied points of Of is a nite set that ontains PJ . Furthermore,
there exists a point p ∈ Of \ S(f) suh that νf (p) = 2 · k for some k ≥ 1.
(b) J (f) ⊂ Of while PF ∩ Of = ∅.
(c) Of is a hyperboli orbifold ontaining a puntured neighbourhood of ∞.
(d) f : O˜f → Of is a overing map.
(e) The inlusion O˜f →֒ Of is holomorphi but not a overing map. Furthermore, if
Sf 6= C, then S˜f ⊂ Sf .
We say that the pair (O˜f ,Of) of Riemann orbifolds is dynamially assoiated to f , if O˜f
and Of satisfy (a)-(e).
Proof. We start with the onstrution of Sf . If F(f) = ∅, then dene Sf := C. Otherwise,
the Fatou set of f onsists of attrating basins only and, as in the proof of Proposition
2.7, we an nd a bounded neighbourhood U of the set PF suh that U ⊂ F(f), C \ U is
onneted and f(U) ⊂ U . We hoose a set U with this property and dene
Sf := C\U. (3.1)
Note that Sf is onneted and that J (f) is entirely ontained in Sf .
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Now assume that there is a point p ∈ PJ \ S(f), suh that for every point z ∈ Crit(f)
with fn(z) = p there exists k ≥ 1 with deg(fn, z) = 2 · k. Then we dene the ramiation
value of a point z ∈ Sf to be
νf (z) := lcm{deg(fm, w), where fm(w) = z}. (3.2)
If there is no point p with suh a property, then pik a repelling xed point p /∈ P (f) of f .
Observe that suh a point exists, sine every map with a bounded set of singular values has
innitely many xed points [9℄, and sine f is subhyperboli, only nitely many of them
an be non-repelling. Sine p ∈ J (f), it also belongs to Sf and we dene the ramiation
value of every point z ∈ Sf \ {p} to be the value dened by equation (3.2), and assign p
the ramiation value νf (p) = 2. Observe that in both ases, there is a point p ∈ Sf suh
that νf(p) is a multiple of 2.
Let Of = (Sf , νf ). Sine νf (z) > 1 if and only if z belongs to PJ ∪ {p}, the set of
ramied points of Of is nite. Furthermore, no ritial point c ∈ Sf belongs to a periodi
yle and sine we have assumed that the loal degree at all points in J (f) is globally
bounded by some onstant R, the ramiation value νf (z) is neessarily a nite number
for eah z ∈ Sf . Hene Of = (Sf , νf ) is a Riemann orbifold and statement (a) follows by
onstrution.
Note that part (b) is an immediate onsequene of the denition of Sf .
Next we will prove that Of is hyperboli. Observe that it is suient to restrit to the
ase when p ∈ PJ , sine every orbifold that is holomorphially inluded in a hyperboli
orbifold has to be hyperboli as well. So we onsider the orbifold Of with Bf = PJ .
We will give a proof by ontradition, so let us assume that Of is not hyperboli. Sine
Sf ⊂ C, it follows that Of must be paraboli. By assumption PJ 6= ∅, so it follows from
[10, Theorem A4℄ that Of must be isomorphi to C with signature either (n) or (2, 2).
This implies that F(f) = ∅, hene all singular values of f belong to J (f).
Assume rst that Of is isomorphi to C with signature (n). Then f has only one singular
value, say at z = 0. It follows from a overing spae argument that f(z) = exp(az + b),
where a ∈ C∗ and b ∈ C. But then 0 is an asymptoti value (and sine it is omitted, it
annot be a xed point either), yielding a ontradition.
So Of must be isomorphi to C with signature (2, 2). By the previous argument, f
has exatly two singular values v1 and v2 whih are neessarily ritial values, and any of
their preimages is either a ritial point of loal degree two or a regular point. Signature
(2, 2) also implies that P (f) = S(f), meaning that both ritial values are either xed
points of f or they form a two-yle. Sine f is subhyperboli but not hyperboli, v1 and
v2 are both repelling. In partiular, deg(f, v1) = deg(f, v2) = 1. Let O′f be the orbifold
whih has exatly the regular preimages of v1 and v2 as ramied points, assigning them the
ramiation value two. Clearly, ν
′
f (v1) = ν
′
f(v2) = 2. Then f : O′f → Of is a overing map
and sine Of is paraboli, so is O′f , whih means that v1 and v2 are the only ramied points
in O′f . Hene O′f = Of . By onformal onjugay we an assume that v1 = 1 and v2 = −1.
Then the map C → Of , z 7→ cos(z) is a universal overing map. Sine f : Of → Of is
a overing map, it lifts to a onformal C-isomorphism g(z) = az + b, a 6= 0, yielding the
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relation
f(cos(z)) = cos(az + b).
By periodiity and symmetry of the osine map, a ∈ Z and b ∈ πZ. But this means that f
or −f is a Chebyshev polynomial, ontraditing the fat that f is transendental. Hene
Of is hyperboli.
By onstrution, Of is the omplement of a, possibly empty, ompat set, hene (c)
follows.
Dene
S˜f := f
−1(Sf)
and
ν˜f (z) : S˜f → N, z 7→ νf (f(z))
deg(f, z)
.
By equation (3.2), ν˜f(z) is a positive integer for every z ∈ S˜f and by the Identity Theorem,
the set of points z ∈ S˜f with ν˜f (z) > 1 is disrete. Hene O˜f = (S˜f , ν˜f) is a Riemann
orbifold.
Sine A(f) ∩ Sf = ∅, the map f : S˜f → Sf is a branhed overing. Furthermore,
deg(f, z) · ν˜f(z) = deg(f, z) · νf (f(z))
deg(f, z)
= νf(f(z)),
hene f : O˜f → Of is an orbifold overing map, proving statement (d).
We will show now that the inlusion O˜f →֒ Of is holomorphi but not a overing.
First note that S˜f ⊂ Sf by onstrution of Sf . Moreover, if Sf 6= C, then S˜f is a relatively
ompat subset of Sf (see equation (3.1)). Reall that by (a), there is a point p ∈ Of \S(f)
suh that νf(p) is a multiple of 2. The fat that p 6∈ S(f) implies that p has innitely
many preimages pi under f , and for every suh preimage point we have deg(f, pi) = 1.
Moreover, νf (pi) = 1 holds for all but nitely many of the preimages of p, sine by (a), Of
has only nitely many ramied points. On the other hand, ν˜f(pi) = 2, whih means that
ν˜f(pi) = 2 > νf (pi) = 1, hene the inlusion is not a overing map.
Let z ∈ Sf . Observe that the denition of νf (see equation (3.2)) together with the fat
that for any point ω ∈ C the loal degree of an iterate fm of f is given by deg(fm, ω) =
deg(f, ω) · deg(f, f(ω)) · . . . · deg(f, fm−1(ω)) implies that νf(z) · deg(f, z) divides νf(f(z)).
Sine f : O˜f → Of is a overing, ν˜f (z) = νf(z) · deg(f, z) = νf (f(z)). Hene νf (z) divides
ν˜f(z) and this proves that the inlusion O˜f →֒ Of is a holomorphi map. 
Remark. Let (O˜f ,Of ) be dynamially assoiated to f . Note that O˜f is usually not on-
neted. However, If f has nitely many trats over ∞, e.g. if f has nite order, then the
number of omponents of O˜f is nite. Observe also that it follows from Proposition 3.2(e)
that the set Bf of ramied points of Of satises f(Bf) ⊂ Bf .
Finally we would like to mention that we have proved more than the existene of a
hyperboli orbifold Of satisfying the remaining assumptions of Proposition 3.2. In fat,
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we have also shown the following. Let f be a transendental entire funtion and let O˜ and
O be any two orbifolds suh that f : O˜ → O is a overing map. Then O (and hene O˜) is
hyperboli.
Corollary 3.3. Let f and O˜f be as in Proposition 3.2. Then there is a onstant K > 1
and an innite sequene of points zi for whih ν˜f(zi) is a multiple of 2, suh that |zi| <
|zi+1| ≤ K|zi| holds for all i.
Proof. Let p ∈ Of be a point suh that νf (p) is a multiple of 2 and let γ be a Jordan urve
in C suh that the bounded omponent of C \ γ ontains S(f) but not p. The omponents
of the preimage of the unbounded omponent of C \ γ are trats of f and every suh trat
ontains innitely many preimages of p. Let zi denote the preimages of p lying in one
suh (arbitrary but xed) trat. Using standard estimates on the hyperboli metri in a
simply-onneted domain [12, Corollary A.8℄, one easily dedues that there is a onstant
K > 1 suh that |zi| < |zi+1| ≤ K|zi| holds for innitely many i. (For details, see e.g.
[16, Proof of Lemma 5.1℄ or [11, Proof of Proposition 3.4℄.) However, sine all but nitely
many zi are regular points of f , it follows that ν˜f (zi) = νf(p) and this is, by (a), a multiple
of 2. 
Notations. For a pair (O˜f ,Of) of orbifolds dynamially assoiated to f , we denote by ρ˜f
and ρf the densities of the hyperboli metris of O˜f and Of , respetively.
We onlude this setion with the following simple observation whih justies our re-
strition to strongly subhyperboli maps.
Proposition 3.4. Let f be a subhyperboli map for whih there is a pair of dynamially
assoiated orbifolds. Then f is strongly subhyperboli.
Proof. If a is an asymptoti value of f , then for any ompat set K ⊂ C ontaining a,
there exists a omponent of f−1(K) whih is not ompat. Hene there is no domain U ∋ a
suh that f : f−1(U) → U is a proper map. Hene, if an asymptoti value of f belongs
to J (f), then there is no domain U ⊃ J (f) suh that f : f−1(U) → U is a (branhed)
overing map.
Assume now that f has a ritial value w ∈ J (f), suh that for every n ∈ N there exists
a point zn with f(zn) = w and deg(f, zn) ≥ n. If there was a pair (O˜f ,Of) of dynamially
assoiated orbifolds, then Proposition 3.2(d) would imply that w is a punture of Of ,
ontraditing the fat that J (f) ⊂ Sf .

4. Uniform expansion
Let f be a strongly subhyperboli map and let (O˜f ,Of) be dynamially assoiated to
f . By Proposition 3.1,
‖Df(z)‖Of = |f
′
(z)| · ρf (f(z))
ρf(z)
> 1
wherever dened, so in partiular for all z ∈ O˜f .
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Remark. If w ∈ O˜f is a point suh that νf (f(w)) > 1, then it follows by Proposition
3.2(d),(e) that νf(w) · deg(f, w) divides νf (f(w)). In this ase we dene
‖Df(w)‖Of := limz→w ‖Df(z)‖Of ,
and so if νf (w) ·deg(f, w) = νf(f(w)), then ‖Df(w)‖Of is a nite number, while otherwise
‖Df(w)‖Of =∞.
Our goal is to show that the expansion of f is uniform.
Theorem 4.1 (Uniform expansion). Let f be strongly subhyperboli and let (O˜f ,Of ) be
dynamially assoiated to f . Then there is a onstant E > 1 suh that
‖Df(z)‖Of ≥ E
for all z ∈ O˜f .
The remainder of Setion 4 is devoted to the proof of Theorem 4.1.
4.1. Continuity of orbifold metris. We want to show the following ontinuity state-
ment: Let O be a Riemann orbifold, let p be a regular and q a ramied point of O. Then
the value of the density map ρO of the orbifold metri at p depends ontinuously on q, i.e.,
if we perturb the point q slightly, then the density of the orresponding orbifold metri at
the point p will also undergo only a small hange.
This statement is surely not new but we were not able to loate a referene. Hene we
inlude a proof for ompleteness. We will restrit to orbifolds whose underlying surfae is
a subset of the sphere; the proof in the general ase, where the underlying surfae of O is
an arbitrary Riemann surfae, an be derived using exatly the same arguments, with the
additional step of taking harts.
So let S ⊂ Ĉ and let O = (S, ν). Denote by B the set of ramied points of O. Let
n > 1 be an arbitrary but xed integer. For a point q ∈ S\B we dene a new orbifold
Oq = (S, νq), where
νq(z) =
{
ν(z) if z 6= q,
n if z = q.
Furthermore, we assume that every suh orbifold has a universal over (hene we exlude
the ase when S is a sphere and the set B is either empty or onsists of only one point
with ramiation value m 6= n). Note that any two suh orbifolds Oq and Oq˜ have the
same signature and hene the same uniformized universal over. Let us denote the density
of the orbifold metri on Oq by ρq.
For a point p ∈ S \B we dene the map
Mp : S \ (B ∪ {p})→ (0,∞], q 7→ ρq(p).
Theorem 4.2 (Continuity of orbifold metris). Let p ∈ S \B be arbitrary but xed. Then
the map Mp is ontinuous at every point in S \ (B ∪ {p}).
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Proof. Let q∗ ∈ S \ (B ∪ {p}) be an arbitrary but xed point. We want to show that Mp
is ontinuous at q∗.
Pik a suiently small Jordan domain D ∋ q∗ suh that D ∩ (B ∪ {p}) = ∅. Let a be
a point in S \ (D ∪B ∪ {p}). By onformal onjugay, we an assume that a = 0.
For two points z1, z2 ∈ D let us denote by dD(z1, z2) the distane between z1 and z2
measured in the hyperboli metri of D. For a point q ∈ D onsider the unique Riemann
map Hq : D → H whih maps q∗ 7→ i and q 7→ hqi, where hq := edD(q∗,q). Let Lq : H→ H,
(x+ iy) 7→ x+ hqyi. Then Lq is a hq-quasionformal self-map of H. Dene
ϕq : D → D, z 7→ Hq ◦ Lq ◦H−1q (z).
It is easy to see that ϕq extends ontinuously to the omplement of D as the identity
map and that the extended map, whih we will also denote by ϕq, is a hq-quasionformal
map (see e.g. [8, Lemma 5.2.3℄). Observe that ϕq → ϕq∗ ≡ id as q → q∗.
Let C be the uniformized universal overing surfae of Oq∗ and Oq and let πq∗ : C → Oq∗
and πq : C → Oq be universal overing maps, both normalized suh that πq∗(0) = πq(0) =
0 and π
′
q∗(0) = π
′
q(0). Considered as a map between orbifolds, ϕq : Oq∗ → Oq is a
homeomorphism and hene an be lifted to a homeomorphism on C. From now on we
will assume that C = D sine the other two ases follow by the same strategy, using even
simpler alulations.
Claim. There is a unique lift ϕ˜q : D→ D of ϕq suh that ϕ˜q(0) = 0.
Proof of laim. Let Gq denote the overing group of D over Oq and assume that there
exist two distint lifts ϕ˜q, ˜˜ϕq of ϕq that x 0. There exists a mapping h ∈ Gq suh that
˜˜ϕq(z) = h(ϕ˜q(z)) holds for all z ∈ D. It follows from our assumption that h(0) = 0, hene
h ∈ Stab(0) ⊂ Gq, where Stab(0) denotes the stabilizer of 0 in Gq. But πq(0) = 0 and 0 is
a non-ramied point of Oq, whih means that Stab(0) ⊂ Gq is trivial. Hene h ≡ id and
ϕ˜q ≡ ˜˜ϕq.
We have the following ommutative diagram:
D
ϕ˜q
✲ D
Oq∗
πq∗
❄
ϕq
✲ Oq
πq
❄
Sine ϕq is a hq-quasionformal map and πq∗ and πq are holomorphi, the map ϕ˜q : D→ D
is also hq-quasionformal. Moreover, ϕ˜q is onformal when restrited to the set Ω :=
D \ π−1q∗ (D), so in partiular in a suiently small neighbourhood of any point in the set
{π−1q∗ (p)}.
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Furthermore, the lifts ϕ˜q onverge to ϕ˜q∗ (loally uniformly) as q → q∗ and, due to the
hosen normalization, ϕ˜q∗ ≡ id |D. Moreover, when restrited to Ω, the maps onverge in
the C1-norm, hene (ϕ˜q)
′|Ω → (ϕ˜q∗)′|Ω when q → q∗.
By the above diagram we an write πq(z) = (ϕq ◦ πq∗ ◦ ϕ˜−1q )(z) for every z ∈ D. Reall
that if w ∈ S and zq ∈ {π−1q (w)}, then the value of the density funtion ρq at w is given
by ρq(w) = ρD(zq) · (π′q(zq))−1 and this does not depend on the hoie of the preimage of
w. Similarly, if zq∗ ∈ {π−1q∗ (w)}, then ρq∗(w) = ρD(zq∗) · (π′q∗(zq∗))−1. Hene,
|ρq∗(w)− ρq(w)| =
∣∣∣∣ ρD(zq∗)π′q∗(zq∗) − ρD(zq)π′q(zq)
∣∣∣∣ .
Observe rst that ϕq(p) = p, sine p ∈ S \D. Let us x a point pq ∈ {π−1q (p)}. Then
p = πq(pq) = (ϕq ◦ π ◦ ϕ˜−1q )(pq) = (π ◦ ϕ˜−1q )(pq). (4.1)
Let pq∗ ∈ {π−1q∗ (p)} be the unique point suh that pq = ϕ˜q(pq∗). We obtain
π
′
q(pq) = ϕ
′
q((πq∗ ◦ ϕ˜−1q )(pq)) · π
′
q∗(ϕ˜
−1
q (pq)) · (ϕ˜−1q )
′
(pq)
=︸︷︷︸
(4.1)
ϕ
′
q(p) · π
′
q∗(pq∗) · (ϕ˜−1q )
′
(pq) =︸︷︷︸
ϕ′q(p)=1
π
′
q∗(pq∗) · (ϕ˜−1q )
′
(pq).
Hene
|ρq∗(p)− ρq(p)| = 1|π′q∗(pq∗)|
·
∣∣∣∣ρD(pq∗)− ρD(ϕ˜q(pq∗))(ϕ˜−1q )′(pq)
∣∣∣∣
=
1
|π′q∗(pq∗)|
·
∣∣∣∣ 11− |pq∗|2 − 1(ϕ˜−1q )′(pq) · (1− |ϕ˜q(pq∗)|2)
∣∣∣∣ .
Sine ϕ˜q → id in the C1-norm in a neighbourhood of pq∗ when q → q∗, the expression
(ϕ˜−1q )
′
(pq) · (1− |ϕ˜q(pq∗)|2) tends to 1− |pq∗|2 and hene |ρq∗(p)− ρq(p)| → 0. 
4.2. Estimates of metris with innitely many singularities. We are now able to
prove Theorem 1.5, whih is the key-statement for the proof of Theorem 4.1.
Theorem 4.3. Let K > 1 and let zi, i ∈ N, be an innite sequene of points satisfying
|zi| < |zi+1| ≤ K|zi|. Let O = (C, νO), where
νO(z) =
{
2 if z = zi for some i,
1 otherwise.
Then the density ρO of the hyperboli metri on O satises
ρO(z) ≥ O
(
1
|z|
)
as z →∞.
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Proof. First observe that, by ane onjugay, we an assume that 0 is one of the ramied
points of O.
Let z 6= zi be an arbitrary but xed point inO. Depending on z, we hoose b = b(z) = zk,
where zk satises |zk| ≥ 2|z| and is minimal with this property, i.e., if |zj| < |zk| then
|zj| < 2|z|. It follows immediately that
2|z| ≤ |b| = |zk| ≤ K|zk−1| ≤ 2K|z|. (4.2)
As next we set c = c(z) = zl, where zl is minimal with the property |zl| ≥ 2|b|. We then
obtain
4|z| ≤ 2|b| ≤ |c| = |zl| ≤ K|zl−1| ≤ 2K|b| ≤ 4K2|z|. (4.3)
For any three pairwise distint points p, q, r ∈ C denote by Op,q,r := (C, νp,q,r) the orbifold
dened by
νp,q,r(w) =
{
2 if w ∈ {p, q, r},
1 otherwise.
Note that every suh orbifold is hyperboli, sine its Euler harateristi equals −1/2. We
denote by ρp,q,r the density of the hyperboli metri on Op,q,r.
Observe rst that O is holomorphially embedded in O0,b,c, and it follows from Theorem
2.4 that ρO(w) > ρ0,b,c(w) holds for all w ∈ O. Let b˜ = b˜(z) := b/|z| and c˜ = c˜(z) := c/|z|.
Then the map
Sz : O0,b,c → O0,b˜,c˜, w 7→
w
|z|
is obviously a onformal isomorphism and hene a loal isometry. Altogether, we obtain
ρ0,b˜,c˜(S(w)) = ρ0,b,c(w) · |w| < ρO(w) · |w|. (4.4)
Let z˜ := S(z) = z/|z|. Then equations (4.2) and (4.3) yield
2 ≤ |b˜| ≤ 2K and 4 ≤ |c˜| ≤ 4K2,
i.e., b˜ ∈ A1 = A1(K) := {w : 2 ≤ |w| ≤ 2K} and c˜ ∈ A2 = A2(K) := {w : 4 ≤ |w| ≤ 4K2}
belong to ompat annuli disjoint from z˜ (see Figure 1).
By Theorem 4.2 the map
D2 : C \ {z˜} × C \ {z˜} → (0,∞), (x, y) 7→ ρ0,x,y(z˜)
is a omposition of two ontinuous maps and hene itself ontinuous. Furthermore, it
attains its minimum (and maximum) on the ompat set A1 × A2. Hene, there exist
onstants 0 < m(K),M(K) <∞ depending only on K suh that
m(K) < ρ0,b˜,c˜(z˜) < M(K).
By setting w = z in equation (4.4), we nally get
m(K) · 1|z| ≤
ρ0,b˜,c˜(z˜)
|z| < ρO(z),
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PSfrag replaements
0
b˜
c˜
1
2
4
z˜
A1 A2
Figure 1. The parameters b˜ and c˜ belong to the ompat annuli A1 and A2.
and the assertion of the theorem follows. 
Theorem 4.3 and Corollary 3.3 immediately imply the following.
Corollary 4.4. Let f be strongly subhyperboli and let (O˜f ,Of ) be dynamially assoiated
to f . Then
ρ˜f (z) ≥ O
(
1
|z|
)
as z →∞,
where ρ˜f(z) denotes the density of the hyperboli metri on O˜f .
4.3. Proof of uniformity. Using Theorems 4.3 and 4.2, we an nally dedue that f :
O˜f → Of is a uniform expansion with respet to the hyperboli metri of Of .
Proof of Theorem 4.1. Let ρ˜f and ρf denote the densities of the hyperboli metris on O˜f
and Of , respetively. Sine f : O˜f → Of is a overing map, our laim is equivalent to the
statement that there is a onstant E > 1 suh that
ρ˜f (z)
ρf (z)
≥ E > 1.
If F(f) 6= ∅, reall that by Proposition 3.2(e), Of is modelled on a hyperboli domain
Sf with f−1(Sf) ⊂ Sf , implying that Of and O˜f have no ommon boundary points in C.
The same is true if the underlying surfae is C, whih means that ∞ is the only ommon
boundary point of Of and O˜f . Hene it only remains to hek that for some E ′ > 1,
lim
z→∞
ρ˜f(z)
ρf(z)
≥ E ′ > 1.
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Let C ⊂ Of be the omplement of a losed Eulidean disk entred at 0 suh that νf (z) = 1
for all z ∈ C, and denote by ρC the density of the hyperboli metri on C. Then there is a
right half-plane H ⊂ C suh that the map exp : H → C, z 7→ ez is a overing. Hene the
asymptoti behaviour of ρC is given by
ρC(z) = O
(
1
|z| · log |z|
)
as z →∞.
By Theorem 2.4 ρC(z) ≥ ρf (z), and so
ρf (z) ≤ O
(
1
|z| · log |z|
)
as z →∞.
It now follows from Corollary 4.4 that
ρ˜(z)
ρ(z)
≥ O (log |z|)
and hene
ρ˜(z)
ρ(z)
→∞ as z →∞.

Remark. We already mentioned in the introdution that if we replae the ramied points by
puntures, i.e., if we onsider the hyperboli domain U : C\{zj} instead of the orbifold O,
the same bound for the asymptoti behaviour of the density map near ∞ an be obtained
using standard estimates of the hyperboli metri in the twie-puntured plane [16, Lemma
2.1℄. As will beome lear in the proof of Proposition 4.6, the orbifold for whih the set of
ramied points is given by {2kπi : k ∈ Z} shows that our estimate is best possible.
4.4. Cosine maps. We say that Fa,b is a osine map, if it an be written as
Fa,b(z) = a e
z +b e−z
for some a, b ∈ C∗. Every suh funtion Fa,b has exatly two ritial values, namely
v1 = 2
√
ab and v2 = −2
√
ab. Furthermore, if z ∈ C is a preimage of a ritial value, then
z is a ritial point satisfying deg(Fa,b, z) = 2, whih implies that v1 and v2 are totally
ramied. It is easy to hek that Fa,b has no asymptoti values, hene the ritial values
v1 and v2 are the only singular values. In partiular, every subhyperboli osine map is
automatially strongly subhyperboli.
In [22℄, Shleiher studied landing properties of those osine maps for whih the ritial
values are stritly preperiodi. Note that the Julia set of every suh funtion equals C. He
proved that for suh a map, every point in C is either on a dynami ray or the landing point
of a dynami ray. This result will also follow from Theorem 1.2. Moreover, our proof in the
ase of strongly subhyperboli osine maps is onsiderably more onise and elementary
than the proof of the general statement and the proof (of the weaker statement) given in
[22℄. The reason is that for strongly subhyperboli osine maps, we an ompute expliitly
the required estimates of the metris of ertain dynamially assoiated orbifolds.
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Let us start with a simple observation.
Proposition 4.5. Let F = Fa,b be strongly subhyperboli but not hyperboli. Then there
exists a point p ∈ PJ \ S(F ).
Proof. Sine F is not hyperboli, it follows that at least one ritial value of F , say v1,
belongs to J (F ). Now assume that the laim is wrong, i.e., PJ = S(F ). Sine PJ is forward
invariant, this an only our if F (v1) = v1 or v1 and v2 form a yle. However, sine v1 is
totally ramied, it would then be a superattrating periodi point of F , ontraditing the
assumption that v1 ∈ J (F ). 
For simpliity, let us assume that {v1, v2} ⊂ J (F ); the ase when F(F ) 6= ∅ an be
treated in a very similar way (and is even easier). Let OF = (C, νF ) and O˜F = (C, ν˜F ),
where
νF (w) = lcm{deg(F n, z), where F n(z) = w} and ν˜F (z) = ν(F (z))
deg(F, z)
.
It is straightforward to hek that (O˜F ,OF ) is a pair of orbifolds dynamially assoiated
to F . (In fat, this is how we onstruted dynamially assoiated orbifolds in the proof of
Proposition 3.2.) In partiular, νF (z) ∈ {1, 2, 4} for all z ∈ C.
Let us x a point p ∈ PJ \S(F ). Then p has only regular preimages pi, for whih nees-
sarily ν˜F (pi) = νF (p) ∈ {2, 4}. Sine F is 2π-periodi, the orbifold O˜F is holomorphially
embedded in the orbifold O0 = (C, ν0) dened by
ν0(z) =
{
νF (p) if w = 2πn for some n ∈ Z,
1 otherwise.
In partiular, if ρ˜F and ρ0 denote the densities of the hyperboli metris on O˜F andO0,
respetively, then
ρ˜F (z) > ρ0(z)
holds for all z ∈ C. For ρ0 we an give the following expliit lower bound.
Proposition 4.6. The density funtion ρ0(z) satises
ρ0(z) ≥ 1
C + |Re(z)|
for all z ∈ C, with 4 < C < 6.
Proof. For all points in the puntured halfplane {z 6= 0 : Re(z) ≤ 1/2} ⊂ C\{0, 1}, the
density ρ1 of the hyperboli metri of C \ {0, 1} an be bounded from below by
1
ρ1(z)
≤ C1 · |z| · (C2 + | log |z||),
where C1 := 2
√
2 and C2 := 4 + log(3 + 2
√
2) [2, p. 476℄.
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Let O2 := (C∗, ν2), where ν2(1) = 2 and ν2(z) = 1 for all z 6= 1. We easily see that the
map p : C\{0, 1} → O2, z 7→ −4(z2 − z) is a overing map and hene a loal isometry. A
simple alulation yields
1
ρ2(w)
≤ 2C1 · |
√
1− w| · |1−√1− w| · (C2 + log 2 + | log |1−
√
1− w||),
where ρ2(z) is the density of the hyperboli metri of O2 and
√
z denotes the priniple
branh of the squareroot.
Sine the map O0 → O2, z 7→ eiz is a overing map, it follows that
1
ρ0(z)
≤ 2C1 · |
√
1− ez| · |1−√1− ez| · (C2 + log 2 + | log |1−
√
1− ez||) · | e−z |
for every z ∈ O0. Let us simplify the above expression. We note, by expanding with
|1 +√1− ez|, that
|√1− ez| · |1−√1− ez|
| ez | =
|√1− ez|
|1 +√1− ez| ,
and one an easily see that the obtained expression is bounded from above by
√
2.
Let us now onsider | log |1−√1− ez||. Sine | log 1/z| = | log z|, it is enough to restrit
to the ase when |1−√1− ez| ≥ 1. Here we get
|1−√1− ez| ≤ 1 +
√
|1− ez | ≤ max{2, 2
√
|1− ez |} ≤ max{2, 2| ez |}
and hene
| log |1−√1− ez|| ≤ log 2 + |Re(z)|.
Together, these estimates yield the proof. 
Remark. Let a, b, c ∈ C and denote by Oa,b,c the C-orbifold with signature (2, 2, 2), with a,
b and c being the ramied points. Then there exists a (unique) Möbius mapM mapping 0,
1 and −1 to a, b and c, respetively. Moreover, the map z 7→M(sin z) provides a overing
map from O0 to Oa,b,c. This observation enables us to estimate the hyperboli metri of an
arbitrary C-orbifold with signature (2, 2, 2) using simple alulations, and hene provides
an alternative way of proving Theorem 4.3, whih  though it is less elegant  uses only
elementary observations.
5. Constrution of a semionjugay
Reall that our goal is to onstrut a ontinuous and surjetive map φ : J (g)→ J (f),
where g is any map of disjoint type that belongs to the family
{gλ(z) = f(λz) : λ ∈ C},
suh that
f ◦ φ(z) = φ ◦ g(z)
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holds for all z ∈ J (g). Reall that by [16, Theorem 5.2℄, any two suh maps g and g′ are
onjugate on their Julia sets, hene it is enough to prove the statement for one suh map.
We start with the onstrution of suh a map g.
Let us x a pair of orbifolds (O˜f ,Of) dynamially assoiated to f with underlying
surfaes S˜f and Sf , respetively. Note that, by Proposition 3.2(c), Sf an be written as
Sf = C \ C, where C is a, possibly empty, ompat set.
Observe that for every λ ∈ C∗, S(gλ) = S(f). Let K > 0 be suiently large, suh that
(P (f)∪C) ⊂ {|z| < K/2}. Sine f is entire, it maps bounded sets to bounded sets, hene
there exists L ≥ K suh that
f−1 ({z : |z| > L}) ⊂ {z : |z| > K + 1}.
Let us x a onstant L ≥ K with this property and dene µ := K/L. It then follows
that if g = gµ and z is a point with |g(z)| > L, then |µz| > K+1 and hene |z| > L+L/K.
This means,
g−1 ({z : |z| > L}) ⊂ {z : |z| > L+ L/K},
and, in partiular, it follows from Proposition 2.7 that g is of disjoint type.
Dene
Vj := f
−j ({z : |z| > K}) and Uj := g−j ({z : |z| > L}) .
Remark. Note that Vj ⊂ Of ∩ O˜f holds for all j ≥ 0, suh as Uj+1 ⊂ Uj , sine g is of
disjoint type. Furthermore, J (g) is the set of those points that are never mapped into
C \ U0, hene J (g) equals the limit of the domains Uj .
We want to onstrut a sequene of onformal isomorphisms
φj : Uj−1 → Vj−1
for j ≥ 1 and with φ0 ≡ id, suh that
f ◦ φj+1 = φj ◦ g.
We will proeed indutively. Sine φ0 ≡ id, the map φ1 is given by the formula φ1(z) = µz.
For a point z ∈ U0 let γ1(z) be the straight line segment onneting z and φ1(z) (we
an atually hoose γ1 to be any retiable urve whih onnets z and φ1(z) within the
domain V0). To dene φ2 at a point z ∈ U1, we onsider the line segment γ1(g(z)) ⊂ V0.
By denition of Vj,
f−1 (γ1(g(z))) ⊂ V1.
Sine f(φ1(z)) = g(z), there is a preimage omponent γ2(z) of γ1(g(z)), suh that one
endpoint of γ2(z) is φ1(z). We dene φ2(z) to be the other endpoint of γ2(z) (see Figure
2).
Continuing indutively, we dene the urve γj+1(z) ⊂ Vj to be the pullbak of γj(g(z)) ⊂
Vj−1 under f with one endpoint at φj(z), and we dene φj+1(z) to be the other endpoint
γj+1(z).
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Figure 2. The onstrution of the urve γ2(z) and the isomorphism φ2.
We want to give some properties of the maps φj . Sine f and g are holomorphi and in
partiular ontinuous, eah map φj is ontinuous as well. By indution, it also follows that
eah map φj is injetive and surjetive. Hene eah map φj is a onformal isomorphism,
mapping a omponent of Uj−1 onto a omponent of Vj−1.
Theorem 5.1. The maps φj|J (g) onverge uniformly with respet to the hyperboli orbifold
metri ρf (z)|dz| on Of to a ontinuous surjetive funtion
φ : J (g)→ J (f)
so that f ◦ φ = φ ◦ g. Moreover, φ(I(g)) = I(f) and φ|I(g) is a homeomorphism.
Proof. With respet to the hyperboli metri on Of , we denote by df(w1, w2) the distane
between two points w1, w2 ∈ Of , and by ℓf(γ) the length of a retiable urve γ ⊂ Of .
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Let z ∈ Uj . Sine Uj+1 ⊂ Uj , both φj and φj+1 are dened in a neighbourhood of z and it
follows from our onstrution that
df(φj+1(z), φj(z)) ≤ ℓf(γj+1(z)). (5.1)
Sine for every point z ∈ Of ,
γ1(z) ⊂
(
C\DK(0)
)
⊂
(
C\DK
2
(0)
)
⊂ Of ,
we obtain an upper bound for ℓf(γ1) by omputing its length with respet to the hyperboli
metri in C\DK
2
(0), whih is given by (|z| (log |z| − log(K/2)))−1 |dz|. Hene
ℓf(γ1(z)) ≤ 1
K
log
(
log |λ|
log |z| − log(K/2) + 1
)
≤ 1
K
log
(
log |λ|
log 2
+ 1
)
=: α
Reall that by Lemma 3.1, there is a onstant E > 1, suh that ‖Df(z)‖Of ≥ E holds for
all z ∈ O˜f . Sine γj+1(z) ⊂ Vj ⊂ O˜f is obtained as a pullbak of γ1(gj(z)) under the map
f j, it follows from equation (5.1) that
df(φj+1(z), φj(z)) ≤ α
Ej
.
This means that the maps φj|J (g) from a Cauhy sequene, and sine the orbifold metri
is omplete, there is a ontinuous limit funtion
φ : J (g)→ Of .
Note that φ neessarily satises
df(φ(z), z) ≤
∞∑
j=0
df (φj+1(z), φj(z)) ≤
∞∑
j=0
α · 1
Ej
= α · E
E − 1 (5.2)
as well as
fn(φ(z)) = φ(gn(z)) (5.3)
for all n ∈ N and all z ∈ J (g).
We want to derive some properties of the limit funtion φ. By equation (5.2),
φ(zn)→∞ if and only if zn →∞, (5.4)
so together with equation (5.3) this implies that φ(I(g)) ⊂ I(f). In partiular, it follows
that φ(J (g)) ⊂ J (f), sine J (g) = I(g) and J (f) = I(f) [6℄. Now let w ∈ I(f). Then
w ∈ Vj for all suiently large j, so we an onsider the sequene zj := φ−j(w). Let z be
an aumulation point of the points zj . Note that by relation (5.4), z 6= ∞. Let znj be a
subsequene of zj that onverges to z. Then,
φ(z) = φ( lim
nj→∞
znj) = lim
nj→∞
φ(znj) = w,
showing that φ : I(g)→ I(f) is surjetive.
Before we show that φ|I(g) is injetive, let us reall that U1 = g−1 ({z : |z| > L}) is a
ountable olletion of simply-onneted domains, so-alled trats, on whih g ats as a
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overing map. Now let α ⊂ U0 \ U1 be a urve onneting {z : |z| = L} with ∞. Then
every omponent of g−1(U0 \α) is a simply-onneted unbounded subdomain of U1, alled
a fundamental domain, and the restrition of g to any suh domain F is a onformal
map. Now let z, z˜ ∈ I(g) be two points suh that φ(z) = φ(z˜) =: w. By denition,
φj(z), φj(z˜)→ w and it follows from the indutive denition of the maps φj that for every
suiently large j, there exists a fundamental domain Fj suh that g
j(z), gj(z˜) ∈ Fj . On
the other hand, it follows from equation (5.3) that φ(gj(z)) = φ(gj(z˜)) holds for all j ∈ N.
Furthermore, equation (5.2) implies that
df(g
j(z), gj(z˜)) ≤ df(gj(z), φ(gj(z))) + df(φ(gj(z˜)), gj(z˜)) ≤ 2α · E
E − 1 .
By standard expansion estimates (see e.g. [16, Lemma 2.7℄), the distane between gj(z)
and gj(z˜) must be unbounded, unless the points z and z˜ are equal, implying that φ is
injetive.
Observe that by equation (5.4), φ an be extended (sequentially) ontinuously to a map
φ̂ : J (g) ∪ {∞} → J (f) ∪ {∞} with φ̂(∞) = ∞. The set φ̂ (J (g) ∪ {∞}) is ompat
sine it is the ontinuous image of a ompat set. Furthermore, φ̂(J (g)) = φ(J (g)) is
neessarily losed. So
I(f) = φ(I(g)) ⊂ φ(J (g)) ⊂ J (f) = I(f)
and as φ(J (g)) is losed, it follows that φ(J (g)) = J (f), hene φ is surjetive. 
Sine the restrition of the map φ in Theorem 5.1 to the esaping set of the disjoint type
map is a homeomorphism, we obtain the following result as an immediate onsequene of
Theorem 5.1 and Theorem 2.8.
Corollary 5.2. The esaping set of a strongly subhyperboli map is not onneted.
Remark. Dierk Shleiher kindly pointed out that the esaping set of the osine map
z 7→ π sinh z mentioned in the introdution is obviously disonneted: the imaginary axis
onsists of points with bounded orbits and it disonnets the esaping set (for details on
this speial funtion, see Appendix A).
To state our next orollary, we need to introdue the notion of a dynami ray.
Denition 5.3 (Dynami rays and ray tails). A ray tail of a transendental entire map f
is an injetive urve
g : [t0,∞)→ I(f)
(where t0 > 0) suh that for eah n ∈ N, limt→∞ fn(g(t)) =∞ and suh that, as n→∞,
fn(g(t))→∞ uniformly in t.
A dynami ray of f is then a maximal injetive urve g : (0,∞)→ I(f) suh that g|[t0,∞)
is a ray tail for every t0 > 0.
In terms of dynami rays, our main result implies the following topologial desription
of the Julia set of ertain strongly subhyperboli maps.
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Corollary 5.4. Let f = f1 ◦ · · · ◦ fn be a strongly subhyperboli map, where every fi has
nite order and a bounded set of singular values.
Then J (f) is a pinhed Cantor bouquet, onsisting of dynami rays of f and their
endpoints. In partiular, all dynami rays of f land and every point in J (f) is either on
a dynami ray or the landing point of a dynami ray of f .
Reall that by a pinhed Cantor bouquet we mean a quotient of a Cantor bouquet by a
losed equivalene relation on its endpoints. Note that Corollary 5.4 implies Corollary 1.3
from the introdution.
Proof. Let g and φ : J (g) → J (f) be maps as in Theorem 5.1. By [20, Theorem 4.7,
Theorem 5.10℄, J (g) is an absorbing brush (this implies that every onneted omponent
C of J (g) is a losed ar to innity, and all points of C exept possibly the nite endpoint
esape). In fat, J (g) is homeomorphi to a straight brush in the sense of [1℄ (see Remark
in [20, p. 15℄), and hene J (g) is a Cantor bouquet.
By [20, Theorem 4.7℄, J (g) onsists of dynami rays of g and their endpoints. Sine φ
is surjetive, J (f) is a pinhed Cantor bouquet, onsisting of dynami rays of f and their
endpoints. 
Remark. The statement that the absorbing brush in [20, Theorem 4.7℄ is homeomorphi
to a straight brush in the sense of [1℄ an be dedued, for instane, using a topologial
haraterization like the one given in [1, Theorem 3.11℄. However, we will not state the
details here sine it would require a lot voabulary from point-set topology whih would
be of no further use in this artile.
If f is a funtion as in Corollary 5.4, then one an enode the pinhing of the Cantor
bouquet (whih equals J (f)) ombinatorially using itineraries. We will elaborate this
expliitly in the ase of the map z 7→ π sinh z in the following setion. However, suh a
onept an be developed in the more general setting of Corollary 5.4; this is ontained in
the author's thesis. For more information on itineraries of exponential and osine maps,
see e.g. [21, 22℄.
Appendix A: Model of the dynamis of a map f with J (f) = C
This setion is dediated to the desription of the topologial dynamis of the funtion
f(z) := π sinh z.
We will dene a simple model onsisting of a topologial spae X and a mapM : X → X
suh that if g is any map of disjoint type in the family gλ : z 7→ λ sinh z then
• J (g) is homeomorphi to X , and
• M|X is onjugate to g|J (g).
We will transfer the ideas from [15℄, where suh a model was onstruted for exponential
maps whose singular value belongs to some attrating basin. The adoption of [15℄ to
the maps we are interested in is partiularly simple sine in left and right half-planes,
suiently far away from the imaginary axis, any map gλ with λ > 0 is essentially the
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same (i.e., up to a onstant fator) as z 7→ e−z and z 7→ ez, respetively. For this reason,
we will skip the details and refer, for further onsideration, to [15℄ as well as the extensive
work on dynamis of osine maps by Rottenfuÿer and Shleiher [19℄.
One we have onstruted suh a model for a disjoint type map g ∈ {gλ}, Theorem 5.1
tells us that there is a semionjugay between g and f on their Julia sets, and hene also
between the model mapM and f . The ombinatorial dynamis of f on J (f) was already
established in [22, 23℄ and we will summarize here the required results.
Dynamis within the one-parameter family. Let us onsider the family gλ(z) :=
λ sinh z with λ > 0 (hene f = gpi). The ritial values of gλ are ±λi. Every map
gλ : R → R is a homeomorphism with gλ(0) = 0 and R \ {0} ⊂ I(gλ). Furthermore,
gλ(iR) ⊂ [−λi, λi].
Both ritial values of f are mapped by f to the repelling xed point 0. Sine f (as
well as every other gλ) has no asymptoti values, the postsingular set of f equals {±πi, 0}.
Hene f is postsingularly nite and strongly subhyperboli. Furthermore, J (f) = C.
For λ > 0 hosen suiently small, the origin is an attrating xed point and the
subinterval [−λi, λi] of the imaginary axis is mapped into itself and thus belongs to the
immediate basin of attration of 0. Hene by hoosing λ suiently small, we obtain a
map gλ of disjoint type (see Proposition 2.3). From now on, we will x λ0 > 0 suh that
the orresponding map gλ0 =: g is of disjoint type.
Note that for every n ∈ Z, the horizontal line
Ln := {z : Im z = (n + 1/2)π}
is mapped by g (or any other gλ with λ ∈ R) to iR\ [−λ0i, λ0i], hene every point z ∈ J (g)
is ontained in one the horizontal half-strips
SnL := {z : Re z < 0, Im z ∈ ((n− 1/2)π, (n+ 1/2)π)} or
SnR := {z : Re z > 0, Im z ∈ ((n− 1/2)π, (n+ 1/2)π)}.
Note that the restrition of g (or any other gλ with λ ∈ R) to any of the half-strips is a
onformal isomorphism onto its image whih is the left or right half-plane.
Topologial model. Let S N := (ZL∪ZR)N be the spae of innite sequenes of elements
in ZL ∪ ZR, where ZL := {. . . ,−1L, 0L, 1L, . . . } and ZR := {. . . ,−1R, 0R, 1R, . . . } are two
disjoint opies of Z. By the previous argument, we an assign to a point z ∈ J (g) a unique
sequene s = s0s1 . . . ∈ S N dened by gn(z) ∈ Ssn. We will all suh a sequene the
external address of z. For every i ∈ Z we dene |iL| := |i| =: |iR|. Furthermore, sine J (g)
onsists of (asymptotially horizontal) dynami rays and their endpoints [19, Theorem 4.1℄,
our model X should be a subset of the spae
S
N × [0,∞).
Note that the relation . . . iL < iR < (i + 1)L < . . . denes an order on S
N
. Thus
S N × [0,∞) is equipped with the produt topology of the topology on S N (indued by
the order relation) and the standard topology on R.
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Let (s, t) be a point in S N × [0,∞). We should think of the rst entry s0 in s as
the imaginary part of the point (or its height orresponding to our horizontal strips),
together with the information whether it is lying left or right from the imaginary axis. The
seond entry t should be thought of as the absolute value of the real part of the point.
Hene it is helpful to think of a point (s, t) ∈ S N × [0,∞) in its omplexied version
C(s, t) := t+2πis0. Let us denote by T (s, t) := t the projetion onto the seond oordinate.
We an now dene our model map to be
M : S N × [0,∞)→ S N × [0,∞), (s, t) 7→ (σ(s), F (t)− π|s1|),
where σ denotes the one-sided shift map and F (t) := et−1 denotes the standard model
map for exponential growth.
Reall that the maps we onsider behave like the exponential in eah of the halfplanes.
The essential harateristi of our model map now is that as for exponential maps, the
size of the image |C(M(s, t))| of a point (s, t) is roughly the exponential of its real part.
More preisely, F (t)/
√
2 ≤ |C(M(s, t))| ≤ F (t) whenever T (s, t) ≥ 0. Hene we dene the
model sets X and X to be
X := {(s, t) ∈ S N × [0,∞) : T (Mn(s, t)) ≥ 0 for all n ≥ 0} and
X := {(s, t) ∈ X : T (Mn(s, t))→∞ as n→∞}.
By [15, Observation 3.1℄, X is homeomorphi to a straight brush. In partiular, for every
external address s there exists a unique ts ∈ [0,∞] suh that {t ≥ 0 : (s, t) ∈ X} = [ts,∞).
We denote by E(X) := {(s, ts)} the set of endpoints of X .
By iterating forward under the model map M and bakwards under g, we obtain a
sequene of maps that onverges to a homeomorphism Φ : X → J (g) suh that
Φ ◦M(z) = g ◦ Φ(z)
for all z ∈ X . The key argument for suh a limit to exist is again uniform hyperboli
ontration of the map g and the fat that the mapping behaviour of the model map
reets that of g. (For a preise statement see [15, Setion 3℄ or [19, Proposition 3.3℄.) A
proof of the above statement is essentially the same as in the ase of exponential maps in
[15, Theorem 9.1℄, whih is why we skip the details here. A proof an also be derived by
essentially the same estimates as given in the proof of Theorem 5.1.
By Theorem 5.1 there is a surjetive map φ : J (g)→ J (f) suh that f(φ(z)) = φ(g(z))
holds for all z ∈ J (g). Moreover, φ restrits to a homeomorphism between I(g) and I(f).
As already mentioned, every point z ∈ I(f) esapes within the strips Ssi with si ∈ ZL∪ZR,
sine the forward orbit of any point in the boundary of the strips has a bounded orbit.
Reall from the proof of Theorem 5.1 that by hoosing the inverse branhes of the maps
fn appropriately, the onjugay φ relates the esaping points of g and f with respet to
the ombinatoris in terms of their external addresses. From Corollary 5.4, we obtain that
M projets to a funtion M˜ on X˜ := X/ ∼p, where ∼p is an equivalene relation on the
set E(X) of endpoints of X , suh that M˜ : X˜ → X˜ is onjugate to f : J (f) → J (f).
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Figure 3. The Julia set of the map f(z) = π sinh z, showing its struture
of a pinhed Cantor bouquet. This piture was kindly provided by Arnaud
Chéritat.
The equivalene relation ∼p tells us whih dynami rays are being pinhed. We will now
desribe ∼p expliitly using the results from [22, 23℄.
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Combinatorial desription. For every n ∈ Z we set
U(n,0) := {z : Re z < 0, Im z ∈ ((2nπ, 2(n+ 1)π)} and
U(n,1) := {z : Re z > 0, Im z ∈ (2nπ, 2(n+ 1)π)}.
One an easily see that the restritions f : U(n,0) → C \ (R+ ∪ [−πi, πi]) and f : U(n,1) →
C\(R−∪[−πi, πi]) are onformal isomorphisms. We will all a sequene (n0, k0)(n1, k1) · · · ∈
(Z × {0, 1})N an itinerary. If γ is a dynami ray suh that for every i ≥ 0 there exists
a domain U(ni,ki) with f
i(γ) ⊂ U(ni,ki) then we assign to γ the (well-dened) itinerary
itin(γ) = (n0, k0)(n1, k1) . . . . Sine a dynami ray of f is either ontained in some half-
strip U(n,k) or is ompletely ontained in the boundary of suh a domain, it follows that
an itinerary annot be assigned to a ray γ if and only if there is n ≥ 0 suh that fn(γ)
equals R+ or R−, or equivalently, if sn+j ≡ 0R or 0L for all j ≥ 0, where s = s0s1 . . . is the
external address of γ. This means that to every external address s in
S
N
+ := {s : ts <∞} \ {s : sn+j ≡ 0R or 0L for some n ≥ 0 and all j ≥ 0}
we an assign a unique itinerary itin(s) := itin(γs). Let us rst omment on those external
addresses that belong to
S
N
− := {s : ts <∞} \S N+ .
The mapping behaviour of the map f is fairly simple and allows us to desribe ompletely
all tuples and quadruples of external addresses in S N− for whih the respetive dynami
rays land together. For instane, for all addresses si that belong to either the left of right
quadruple
s0 . . . sj

(2m)R (2n+ 1)R 1L 0R
(2m)R (2n)R 1R 0L
(2m+ 1)R(2n+ 1)L 1R 0L
(2m+ 1)R (2n))L 1L 0R
s0 . . . sj

(2m+ 1)L(2n+ 1)R 1L 0R
(2m+ 1)L (2n)R 1R 0L
(2m)L (2n+ 1)L 1R 0L
(2m)L (2n))L 1L 0R
where m ∈ Z and n ≥ 0, we dene (si, tsi) ∼p (sj , tsj ). We will not list the remaining
ombinations sine there are not so many of them and eah one is easy to determine using
elementary omputations.
The remaining task is to determine those external addresses in S N+ suh that the or-
responding dynami rays land together. Let γ be a dynami ray with external address
s ∈ S N+ and let w be its landing point. Then either g is the only dynami ray that lands
at w or there is exatly one more suh dynami ray [23℄; the latter ase ours if and only
if w is eventually mapped into [πi,−πi] (and remains there without ever being mapped to
0). Let s, s˜ be the external addresses of two dynami rays landing at the same point w. It
follows that itin(s) and itin(s˜) must be of the form
(n0, k0) . . . (nj , kj)
{
(nj+1, kj+1 )(0, kj+2 )(0, kj+3 ) . . .
(nj+1,1−kj+1)(0,1−kj+2)(0,1−kj+3) . . .
(5.5)
or with −1 instead of 0.
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On the other hand, it follows from [22, Lemma 5℄ and elementary omputations that two
dynami rays with itineraries as in equation (5.5) do indeed land together: suh dynami
rays have a forward image that lands in the interval [−πi, πi] and its landing point is never
mapped to 0. So let s, s˜ ∈ S N+ . It follows that (s, ts) ∼p (s˜, ts˜) if and only if itin(s) and
itin(s˜) are of the form given by equation (5.5) (or with −1 instead of 0).
Remark. One an ertainly relate the model (X,M) diretly to J (f). The reason to
inorporate a disjoint type map is simply to show what to do when the onsidered strongly
subhyperboli map f an be embedded in a family where the topologial dynamis of
disjoint type maps is well understood.
Appendix B: Subhyperboli maps without dynamially assoiated
orbifolds
We want to give an expliit example of a map Φ that is subhyperboli, has no asymptoti
values but suh that the loal degree at points in J (Φ) is unbounded.
Let p be a omplex polynomial of degree d ≥ 2 and let z0 be a repelling xed point of p
with multiplier µ. By Poinaré's Theorem [14, 26℄, there exists an entire map Φ, whih is
alled a Poinaré funtion of p at z0, suh that the funtional equation
Φ(µ · z) = p(Φ(z)) (5.6)
is satised for all z ∈ C. Now let
p(z) = z2 − 1
and let Φ0 denote a Poinaré funtion of p at the point z0 = 1/2(1+
√
5). The unique nite
ritial point of p is 0. Sine p(0) = −1 and p(−1) = 0, the yle {0,−1} is superattrating
and, in partiular, P (p) ∩ C = {0,−1}. Note that p has no other attrating or paraboli
yles in C, sine every suh yle attrats at least one ritial point of p [12, Theorem
8.6℄. Observe also that p has no exeptional values (points with a nite bakward orbit) in
C; it is now not hard to hek that C(Φ0) = P (p) = {0,−1} (see e.g. [5, Theorem 2.10℄).
The multiplier of the repelling xed point z0 is given by λ = p
′
(z0) = 1+
√
5. By [26, p.
160℄, the order of Φ0 is given by the formula
ρ(Φ0) =
log 2
log |λ| <
log 2
log 3
< 1
and it follows then from the Denjoy-Carleman-Ahlfors Theorem [13, XI, §4, p.313℄ that Φ0
has at most one nite asymptoti value. Let us assume that A(Φ0) 6= ∅ and let w be the
unique asymptoti value of Φ0. By [5, Theorem 1℄, w is an attrating periodi point of p,
hene either w = 0 or w = −1. Let γ(t) be an asymptoti path for w, i.e., limt→∞ γ(t) =∞
and limt→∞Φ0(γ(t)) = w. Then
lim
t→∞
Φ0(λγ(t)) = p( lim
t→∞
Φ0(γ(t))) = p(w) 6= w,
hene γλ(t) := λ · γ(t) is an asymptoti path of Φ0 leading to the asymptoti value p(w).
But this ontradits the fat that A(Φ0) = {w}, and hene A(Φ0) = ∅.
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Sine 0 is a ritial value of Φ0, there exists a point z˜ suh that
Φ0(z˜) = 0 and Φ
′
0(z˜) = 0.
Let zn := λ
nz˜. Using the funtional equation (5.6), it is not diult to see that for every
n ∈ N,
dk
dzk
Φ0(z)|z=zn = 0 for all 0 ≤ k ≤ n,
hene for every n ∈ N, we have deg(Φ0, zn) ≥ n. This also implies that at least one of the
ritial values must have a regular preimage; otherwise, both ritial values would have
ramiation index stritly larger than 1/2 and this is not possible by the fat that the sum
of the ramiation indies of an entire map never exeeds one [13, Chapter X, §3, 235℄. We
an assume w.l.o.g. that 0 has a regular preimage, say a, i.e., Φ0(a) = 0 and Φ
′
0(a) 6= 0.
Let b be a preimage of −1, hosen suiently large suh that |a − b| · |Φ′0(a)| > 1. Now
onsider the map
Φ(z) := (a− b) · Φ0(z) + a.
Note that A(Φ) = ∅, sine Φ and Φ0 dier only by postomposition with a onformal
map. It follows also immediately that C(Φ) = {a, b}, Φ(a) = a and Φ(b) = b, hene Φ is
postsingularly nite and in partiular subhyperboli. Moreover, sine |Φ′(a)| = |a − b| ·
|Φ′0(a)| > 1, the ritial value a is a repelling xed point of Φ and hene belongs to J (Φ),
implying that Φ is not hyperboli. Finally note that the points zn are mapped to a under
Φ satisfying deg(Φ, zn) ≥ n, so Φ is not strongly subhyperboli.
Altogether, this means that Φ(z) is subhyperboli, A(Φ) = ∅ but for every n ∈ N there
exists a point zn ∈ J (Φ) suh that deg(Φ, zn) ≥ n, yielding the desired example.
Remark. It is not hard to see that one an use the same idea to onstrut many more
Poinaré maps with the desired properties.
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